The spherically symmetric thin shells are the nearest generalizations of the point-like particles. Moreover, they serve as the simple sources of the gravitational fields both in General Relativity and much more complex quadratic gravity theories. We are interested in the special and physically important case when all the quadratic in curvature tensor (Riemann tensor) and its contractions (Ricci tensor and scalar curvature) terms are present in the form of the square of Weyl tensor. By definition, the energy-momentum tensor of the thin shell is proportional to Dirac delta-function. We constructed the theory of the spherically symmetric thin shells for three types of gravitational theories with the shell: (1) General Relativity; (2) Pure conformal (Weyl) gravity where the gravitational part of the total Lagrangian is just the square of the Weyl tensor; (3) Weyl+Einstein gravity. The results are compared with these in General Relativity (Israel equations). We considered in details the shells immersed in the vacuum. Some peculiar properties of such shells are found. In particular, for the traceless (= massless) shells it is shown that their dynamics can not be derived from the matching conditions and, thus, is completely arbitrary. On the contrary, in the case of the Weyl+Einstein gravity the trajectory of the same type of shell is completely restored even without knowledge of the outside solution.
I. INTRODUCTION
It is well known that the thin shells play an important role in General Relativity by providing us with the rather simple models of the self-gravitating matter sources, which, in turn, develop our physical intuition about the very complex structure of the whole theory. In the case of the spherical symmetry the thin shells, in addition, are the simplest possible generalization of the point particles.
What is the thin shell? By definition, in the (d + 1)-dimensional manifold, this is a d-dimensional hypersurface Σ, which divides the manifold into two parts and where the energy-momentum tensor is concentrated. That is, the energy-momentum tensor T µν Σ = S µν δ(Σ), where S µν is called the surface energy-momentum tensor, and δ(Σ) is the Dirac delta-function. In general, on such a hypersurface there may be a jump [T µν ]Θ(Σ), where Θ(Σ) is the Heaviside step function. When S µν = 0, the hypersurface Σ is called singular. Thus, the thin shell is some singular hypersurface, where two parts of the space-time manifold should be matched. In what follows, we will be dealing only with four-dimensional space-time and, accordingly, with three-dimensional thin shells.
The thin shell formalism in General Relativity was elaborated by W. Israel [1, 2] in 1966, and since then it was widely used for investigations of cosmological phase transitions (see [3] - [26] for more details) and black hole structures (see, e. g., [27] - [35] ).
The matching hypersurface is characterized by its three-dimensional metric and by the extrinsic curvature tensor that shows how this hypersurface is embedded into the four-dimensional space-time. And the Israel equations relate the surface energy-momentum tensor to the jumps in the extrinsic curvature tensor on both sides of the thin shell. Some note is in order here. Since the space-time is considered continuous on the matching hypersurface Σ (otherwise we would deal with the two disconnected manifolds) and the Einstein equations are of the second order in derivatives of the metric tensor, then the first derivatives may have, at most, the jumps, while the second derivatives may exhibit, at most, the delta-function behavior. Therefore, the most singular of the allowed types of the matching hypersurfaces, containing the nonzero energy-momentum tensor, are just the thin shells. As a consequence, the thin shell produces the real space-time singularity, where the Riemann curvature tensor diverges. Thats how the things are in General Relativity.
Started in 1969, there was a long history and big activity in studying the quantum field theories in curved spacetimes (see Refs. [36] - [48] for more details). Here the most interesting for us is the main result, that the renormalization procedure, inevitable in the quantum field theory, leads to the appearance in the effective action of some additional (to the standard Einstein-Hilbert Lagrangian, linear in the curvature scalar) terms quadratic in the Riemann tensor and its contractions (Ricci tensor and scalar curvature). When the gravitational Lagrangian is the general combination of these quadratic terms plus the linear term and plus the cosmological constant, it is usually called "the quadratic gravity". Some of its special form was used by A. Starobinsky [49] for constructing the first inflationary cosmological scenario. The necessity of considering the quadratic and and higher order terms in the effective gravitational Lagrangian, as was foreseen by A. D. Sakharov [50] in 1967. He even suggested that the gravitation itself is just the tensions and stresses in the vacuum of all other quantum fields. Now this idea is widely known as "the induced gravity".
The thin shell formalism for the generic quadratic gravity was constructed in [51] . The main difference from General Relativity is that the equations of motion appeared to be fourth order in the derivatives of the metric tensor (this feature is shared by the so called f (R)-theories of gravity, and the exceptions are the Horndeski and Gaus-Bonnet models). It means that if we restrict ourselves with the singularities in the equations of motion not higher than the Dirac's delta function, then the Riemann curvature tensor should be continuous on the thin shell and (in general) not singular. Therefore, the matching conditions (the analog of Israel equations) are also quite different from that of General Relativity. One of the combinations of the quadratic terms is very peculiar. This is the case of the conformal gravity, when the quadratic part of the gravitational Lagrangian is just the square of the Weyl tensor, which is the completely traceless part of the Riemann curvature tensor. Note, that in the absence of the linear term it is known under the names "Weyl geometry" or "pure conformal gravity". The matter is that the Weyl tensor itself (with only one upper index) is invariant under the local conformal transformation (when the whole metric tensor is multiplied by some function called "the conformal factor"). The resulting Bach tensor, which appeared in the gravitational equations of motion, is multiplied by some power of this conformal factor, without any of its derivatives in the equations of motion. But, we are free to choose as a conformal factor any of the components of metric tensor. Thus, we should only require its continuity on the shell, but not the continuity of the derivatives. So, in some cases, the Riemann tensor constructed from the initial metric, may have the delta-function structure on the thin shell.
The above consideration is especially important in the case of the spherical symmetry because we are able to use the radius of the sphere as the conformal factor (see Refs. [52] - [55] for more details), and it is the radius as function of the proper time on the shell, that determines completely its trajectory in the space-time.
Recently, J. M. M. Senovilla [56] (see also [57] ) discovered that, in the framework of the theory of distributions, the quadratic gravity (as well as all other modifications of the Einstein gravity leading to the fourth order differential equations) allows not only the thin shell (the delta-function distributions), but also the double layers (the delta-prime distributions). This is a very compelling possibility, though its physical meaning is not yet clear due to the absence of the corresponding counterpart in the energy-momentum tensor for the conventional matter (the absence of particles with negative masses). In what follows we will not consider the double layers at all.
The aim of the present paper is to investigate and compare thin shells in three different gravitational theories: General Relativity (Einstein gravity), pure conformal (Weyl) gravity and more general conformal gravity (Weyl+Einsten). For the sake of simplicity we restrict ourselves to the case of the spherical symmetry.
II. PRELIMINARIES
In this Section we draw up some needed formulas. Throughout the paper we will be using the (+, −, −, −)-signature for the line element
The metric connections
where comma denotes the partial derivative. The Riemann curvature tensor is defined as
while the Ricci tensor equals
and its convolution gives the curvature scalar
The Einstein tensor
The Weyl tensor (completely traceless part of the Riemann tensor)
The Bach tensor is
(semicolon ";" denotes the covariant derivative with respect to the metric g µν ).
Next, we introduce the local conformal transformation by
where the hat "ˆ" means "conformally transformed". Then, the Einstein tensor is transformed as
where Ω µ = Ω ,µ , Ω λ =ĝ λσ Ω σ , and the vertical line "|" denotes the covariant derivative with respect to the transformed metricĝ µν . The Weyl tensor with only one upper index is invariant under the local conformal transformation
so
and the Bach tensor is transformed as
If one decompose the total action integral into the gravitational and non-gravitational parts, S tot = S gr + S m , then the energy -momentum tensor T µν and its "transformed" counterpartT µν are defined through the following variations of S m :
Let us now come to the spherical symmetry. The spherical symmetric line element has the form
where θ and φ are the usual spherical angles, r(x) is the radius of the sphere (with the area 4πr 2 ), and γ ik is the metric tensor of the two-dimensional space-time. It appears convenient to make the conformal transformation and choose the radius r(x) as the conformal factor, Ω(x) = r(x). Then,
We can make the (2 + 2)-decomposition and reduce the problem, actually, to the two-dimensional one. Namely
whereR is the two-dimensional curvature scalar constracted of the metricγ ik , and the double vertical line "||" denotes the covariant derivative with respect to this very metric. The transformed Bach tensor becomes
We do not need the separate expressions for the remaining components, since due to the spherical symmetryB 
Coming to the point, we should describe our spherically symmetric thin shell, Σ. It is simply a sphere which radius, ρ, evolving in time. The corresponding line element equals
Hence, τ is the proper time of the observer sitting on the shell (we may call it "the genuine proper time"), whileτ is its conformal counterpart (we may call it "the conformal proper time"). The simplest way to proceed is to use the two-dimensional part of the conformally transformed metric, dŝ 2 =γ ik dx i dx k , (i, k = 0, 1). Evidently, it is always possible to introduce the so called Gauss normal coordinate system, associated with the given thin shell. The line element has the following form, valid both on the shell as well as just outside it,
where the normal coordinate n runs from inward n < 0 to outward n > 0, and the equation of our thin shell is simply n = 0. To match the above line element with that on the shell, we impose the normalization conditions
The extrinsic curvature tensor, describing the embedding of the shell (in our case it is just the worldlineñ = 0) into the ambient (two-dimensional) space-time,
now consists of only one component
and the two-dimensional curvature scalar equalsR
With the use of Gauss normal coordinates the transformed energy-momentum tensor can be easily written aŝ
whereŜ µν is the surface energy-momentum tensor of the shell, δ(n) is the Dirac's delta-function, Θ(n) is the Heaviside step-function.
We will need the following properties of Θ-function:
and [. . .] = denotes the "jump" across the shell in the outward normal direction. Thus,
III. THIN SHELLS IN GRAVITY THEORIES
In the remaining Section we will derive the matching conditions for the spherically symmetric space-time containing thin shells for three different theories: Einstein gravity (= General Relativity), Weyl gravity (= pure conformal gravity) and Einstein+Weyl gravity. In order to be able to compare the results we consider only one type of the spherically symmetric shells, namely, those with traceless surface energy-momentum tensor, immersed into the vacuum. By the way, the traceless spherical shells can be realized as the shells with massless orbiting constituents [58] . In addition, we suppose that such a shell is the innermost one, so there are no other gravitating sources inside it. To be more precise, the vacuum inside will be that with zero Weyl tensor, corresponding toR = 2.
A. Thin shells in Einstein gravity
For the sake of completeness we start from the very beginning, i. e., from the total action integral, S tot = S gr + S m , with the gravitational part S gr being the Einstein-Hilbert action including the cosmological term Λ. Namely,
The equation of motion, of course, are (without hats)
The chosen spherically symmetric metric with the radius r as the conformal factor may be written in the form (19) . Respectively, the two dimensional part of this metric with the use of Gauss normal coordinates takes the form (25 +Kr ,n −r ,nn = 4πG r 2 T rT +2Λr
(−) µν , we should write down the same decompositions for r,γ 00 and K, insert them into equations and then equate on left and right sides separately the terms in front of δ(n) and Θ(n), remembering that [r] = 0 andγ 00 = 0. So,
Note that the matching conditions are, in fact, the Einstein equations on Σ (= Israel equations). They are 
So, our shell equations become
Let us start from the first of these equations and introduce the invariant
It follows then, that
where the sign function σ = ±1 determines whether the radius r increases in the outward normal direction or it decreases. Thus, its value on the either side of the shell gives us the information about the global geometry of the whole spherically symmetric space-time. Substituting this back into the shell equation, one gets
The famous Birkhoff theorem states, actually, that for the vacuum spherically symmetric solution of the Einstein equations
where m is the so called Schwarzschild mass. Since we supposed that our shell is the innermost one, then, m in = 0, and
The value m in = 0 corresponds to the de Sitter (Λ > 0), Anti-de Sitter (Λ > 0) or Minkowski (Λ = 0) space-time inside the shell. In all of these manifolds the Weyl tensor is identically zero, C µνλσ ≡ 0. Squaring the above equation we get
so, given the initial condition (ρ 0 andρ 0 ) and the energy content of the shell (S 0 ) we determine the Schwarzschild mass m. Thus we conclude, that the trajectory of the traceless shell immersed in vacuum, can be completely restored (for given shell and given initial conditions), but this requires the knowledge of the vacuum solutions both inside and outside the shell. What concerns the values of the extrinsic curvatureK| Σ , their calculation is possible only if one knows the trajectory (i. e., ρ(τ )) even in the simplest caseR = 2.
B. Thin shells in Weyl gravity
The action integral for the Weyl gravity (which is also known as conformal gravity or pure conformal gravity) is
where C 2 is the square of the Weyl tensor (see Section II above). The equations of motion (already conformally transformed) are the Bach equationsB
The spherically conformal gravity was investigated in details in [? ] , and here we write down only the final result for the corresponding Bach equations of motion:
where "||" -covariant derivative with respect toγ ik andB
Note, that there is no any trace of the radius r in the equations of motion. Also, the energy-momentum tensor must be traceless,T λ λ = 0, this follows not only from the equations of motion, but from demanding the conformal invariance of the total action as well.
In the Gauss normal coordinate system the above set of equation of motion takes the form
Remember, that we supposed the absence of the double layer. This means, that the two-dimensional curvature scalar R must be continuous on Σ, i. e., [R] Σ = 0 and
,n ; (62)
,nn .
The continuity ofR leads also to the continuity of bothK andK ,n , sinceR = −2K ,n +K 2 . As a result, we get the following matching conditions on the shell:
(64)
(65) Let us assume that inside the shell the vacuum solution corresponds toR = 2 (this is in order to compare with the case considered above for the Einstein gravity). Then the relationR = −2K ,n +K 2 , together with the boundary conditionsK(0,τ ) = 1 andγ 00 (0,τ ) = 1, allows to restore completely the conformally transformed metric inside the shell. Namely, for n < 0 we haveK
Surely, the radius r(n,τ ) remains the arbitrary function! The only thing that is definitely true is the following. If the sphere of zero radius, r = 0, lies inside our shell, then it should be located at n = −∞.
C. Thin shells in Weyl+Einstein gravity
The total action integral in this case is
We are not going to write down repeatedly the equations of motion and come straight to the matching conditions for the spherically symmetric shell (without the double layer):
For the traceless shell in the vacuum we haveṠ But! Let us choose the same vacuum inside as before, i. e., withR = 2. In the case of Weyl+Einstein gravity it means that inside the shell se have (Anti)-de Sitter space-time (so the Weyl tensor is zero). Thus, we are left with the spherically symmetric Einstein equations (there are four of them) for radius r(n,τ ) and metric tensorγ ik , (i, k = 0, 1). However, the latter we already know because ofK| Σ = 0! (See the preceding Section.) Remarkably enough, the solution exists:
For the trajectory, ρ(τ ) = ρ(0,τ ), we obtain
The constants of integration C 1 and C 2 are determined by the initial conditions ρ(0) = ρ 0 andρ(0) =ρ 0 . It seems that it is possible for the shell to reach the infinity ρ = ∞, for finite time interval (τ =τ 0 ). But, remember, that it is not the genuine proper time, the latter being defined by dτ = ρ(τ )dτ and
as it should be!
IV. CONCLUSION
Let us now discuss briefly what we did and what we obtained. We have built the thin shell formalism for the special case of the spherically symmetric conformal gravity. We considered in more details the traceless thin shells immersed in the vacuum and compared their behavior for the three different gravitational theories, namely, General relativity (= Einstein gravity), pure conformal (Weyl) gravity and Weyl+Einstein gravity. The second and third ones are special cases of the so called quadratic gravity. The main difference between General Relativity and generic quadratic gravities is that the latter ones contain the fourth order derivatives of the metric tensor, while the former is confined to the second derivatives.
It is this feature that causes quite different behavior of thin shells in these theories. In General relativity, in order to calculate the thin shell trajectory (which is just the radius as a function of the proper time of the observer, sitting on the shell), one needs to know the solutions in the bulk on both sided of the shell, but in the Weyl (pure conformal) gravity the shell trajectory is completely undetermined. It seems quite unphysical because the motion of the innermost shell serves as a boundary condition for the outside bulk region.
The situation in the Weyl+Einstein gravity even more tricky. We give an example of the vacuum solution inside the innermost (i.e., the first) shell, when the matching conditions allows to determine unambiguously (inside the shell) not only the conformally transformed metric in Gauss normal coordinates, but also to restore the radius (which is chosen as the conformal factor). And, thus, the shell trajectory itself (of course, up to the initial conditions). We are sure that the theory of the thin shell in the Weyl+Einstein gravity deserves further investigation.
